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NCERT Exemplar Solutions For Class 11 Maths Chapter 4-
Principle Of Mathematical Induction

SHORT ANSWER TYPE

1. Give an example of a statement P(n) which is true for all n > 4 but P(1), P(2) and P(3) are not

true. Justify your answer.

Solution:

According to the question,

P(n) which is true for all n >4 but P(1), P(2) and P(3) are not true
Let P(n) be 2" < n!

So, the examples of the given statements are,
P(0) > 2°< 0!

i.e 1<1= nottrue

P(1) > 2t < 1!

i.e 2<1=nottrue

P(2) = 22< 2!

i.e 4 <2 = nottrue

P(3) = 23< 3!

i.e 8 <6 = not true

P(4) = 2% < 41

i.e 16 <24 = true

P(5) = 2° < 5!

i.e 32 <60 = true, etc.

2. Give an examp'e of a statement P(n) whic is true or all n. Justify your answer.
Solution:

According t. the que ,tion,
"fn) which i< true fc 7 all n.

Let P be
1424 52 4q =Mt
20+ 1)
P(0,is V= — —— =0;it'strue
P(1)is 1 - 5 V% 1;it'strue
202+ 1
P(2)is1 + 2=%;i‘c’s true
. kik+ 1)
P(k)is1+ 2+ 3 +--...... +k = 5
k(k + 1 k+ 1)(k+ 2
P(k)is1 + 2 + 3 +- ... +k+1=—(2 )+k+1=( )2( )

= P(K) is true for all k.
Therefore, P(n) is true for all n.
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Prove each of the statements in Exercises 3 to 16 by the Principle of Mathematical Induction:
3. 4" — 1 is divisible by 3, for each natural number n.
Solution:

According to the question,

P(n) = 4" — 1 is divisible by 3.

So, substituting different values for n, we get,

P(0) = 4° — 1 = 0 which is divisible by 3.

P(1) = 4' — 1 = 3 which is divisible by 3.

P(2) = 4%> — 1 = 15 which is divisible by 3.

P(3) = 4% — 1 = 63 which is divisible by 3.

Let P(k) = 4“— 1 be divisible by 3,

S0, we get,

= 4K 1=3x.

Now, we also get that,

= P(k+1) = 41 1

=4(3x+1)-1
= 12x + 3 is divisible by 3.

= P(k+1) is true when P(K) is true

Therefore, by Mathematical Induction,

P(n) = 4" —1 is divisible by 3 is true for each natural nur ser n

4, 2% — 1 is divisible by7, for all natural numbers n.
Solution:
According to the question,
P(n) = 2%"- 1 is divisible by 7.
So, substitu ‘ing different valt 101 . we =t
P(0)=2°—_=0wh':hisdi isible by
~M1)=23- 1 =7wtichisdi sible by
P(2)= «°—1 =65 vhichisdi. ik~ Ly,
P(3) =77~ 2 --5.2 rhich is divisible by 7.
Let °(X) = 2>~ - "Le livisible by 7

29, Ve Qut,

= 2% b

Now, t,

= Fe =< -1
=23(7x+1)-1
=56x +7

=7(8x + 1) is divisible by 7.
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
P(n) = 23" — 1 is divisible by7, for all natural numbers n.

5.n%—7n + 3 is divisible by 3, for all natural numbers n.
Solution:

According to the question,

P(n) = n®—7n + 3 is divisible by 3.
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So, substituting different values for n, we get,

P(0) = 0% — 7x0 + 3 = 3 which is divisible by 3.

P(1) = 13— 7x1 + 3 = =3 which is divisible by 3.

P(2) = 2% — 7x2 + 3 = —3 which is divisible by 3.

P(3) = 32— 7x3 + 3 = 9 which is divisible by 3.

Let P(k) = k% — 7k + 3 be divisible by 3

S0, we get,

= k3 -7k +3=3x.

Now, we also get that,

= P(k+1) = (k+1)% - 7(k+1) + 3
=k3+3k®+3k+1-7k-7+3
=3x + 3(k? + k — 2) is divisible by 3.

= P(k+1) is true when P(K) is true.

Therefore, by Mathematical Induction,

P(n) = n®—7n + 3 is divisible by 3, for all natural numbers n.

6. 3°" — 1 is divisible by 8, for all natural numbers n.
Solution:
According to the question,
P(n) = 32" — 1 is divisible by 8.
So, substituting different values for n, we get,
P(0) = 3° — 1 = 0 which is divisible by 8.
P(1) = 32— 1 = 8 which is divisible by 8.
P(2) = 3* — 1 = 80 which is divisible by 8.
P(3) = 3°— 1 = 728 which is divisible L 8.
Let P(k) =. 2k— 1 be divisible .y o
So, we get,
N 32k _1—0ov
Now, ' ve ale2 aetl Mat,
= PVl =g
=3(«+1)-1
= 7x + 8 is divisible by 8.
= P+ ie = wkon P(K) is true.
Ther« 'matical Induction,
P(n)=5 s Qiv ¢ hle by 8, for all natural numbers n.

7. For any natural number n, 7" — 2" is divisible by 5.
Solution:

According to the question,

P(n) = 7" — 2" is divisible by 5.

So, substituting different values for n, we get,

P(0) = 7° — 2° = 0 Which is divisible by 5.

P(1) = 7t — 2 = 5 Which is divisible by 5.

P(2) = 7% — 2% = 45 Which is divisible by 5.

P(3) = 7° — 2% = 335 Which is divisible by 5.

Let P(k) = 7% — 2% be divisible by 5
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S0, we get,
= 7¢ -2k =5x.
Now, we also get that,
= P(k+l): 7k+1 _ 2k+l
=(5+2)7k—2(2)
=5(7%) + 2 (7= 24
=5(7%) + 2 (5x) Which is divisible by 5.
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
P(n) = 7" — 2" is divisible by 5 is true for each natural number n.

8. For any natural number n, x" — y" is divisible by x —y, where x integers with x #y.
Solution:

According to the question,

P(n) = x" —y" is divisible by x — y, x integers with x #y.

So, substituting different values for n, we get,

P(0) = x° — y? = 0 Which is divisible by x — y.

P(1) =x —y Which is divisible by x —y.

PQ) =x-y?
= (x +y)(x—y) Which is divisible by x—y.
PE) =Xy

= (x—y)(x?+xy+y?) Which is divisible by = -y.
Let P(k) = xX — y¥ be divisible by x — y:
So, we get,
= XK -y = a(x—y).
Now, we al o get that,
= P(k'i .I.) - Xk+] 2 yk+1
=Xy +y v
=ax—y)+ya. ' .nicnis divisible by x —y.
= P k+1) i ucevih n P(K) is true.
The -e ‘0 ‘e by I ai1e natical Induction,
e (n, X' —v 5 divisitie by X — y, where x integers with x # y which is true for any natural
numi r

9.n®—nisdivis.. .yb, .- each natural numbern>2.
Solution:

According to the question,

P(n) = n®—nis divisible by 6.

So, substituting different values for n, we get,

P(0) =0%—0=0 Which is divisible by 6.

P(1) =13 —1=0 Which is divisible by 6.

P(2) =22 -2 =6 Which is divisible by 6.

Let P(k) = k3 — k be divisible by 6.

So, we get,

= k3 -k = 6x.
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Now, we also get that,

= P(k+1) = (k+1)% — (k+1)

(k+1)(K*+2k+1-1)

k3 + 3k2 + 2k

= 6x+3Kk(k+1) [n(n+1) is always even and divisible by 2]
= 6x + 3x2y Which is divisible by 6.

= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
P(n) = n® —nis divisible by 6, for each natural number n > 2.

10. n(n? + 5) is divisible by 6, for each natural number n.
Solution:

According to the question,

P(n) = n(n? + 5) is divisible by 6.

So, substituting different values for n, we get,

P(0) = 0(0? + 5) = 0 Which is divisible by 6.

P(1) = 1(1% + 5) = 6 Which is divisible by 6.

P(2) = 2(2% + 5) = 18 Which is divisible by 6.

P(3) = 3(3% + 5) = 42 Which is divisible by 6.

Let P(k) = k(k? + 5) be divisible by 6.

S0, we get,

= k(k? + 5) = 6X.

Now, we also get that,

= Pk -1) = (k+1)((k+1)? + B¥ = (k Y(K*+. -6)
=k3+3k*+8 +6
= 6x- 3k?+3k 6
— 6x -3k(k+1, 5[n(n+? ‘~=lways even and divisible by 2]
—b, +3x2y +v "7 .cnisdivisible by 6.

= P k* D is tru2 v'hon P(K) is true.

The -e ‘0 e by Iv at 1€ natical Induction,

F(n, = (2 + 5) is di sisible by 6, for each natural number n.

11. n? < 2" f( umbers n > 5.
Solution:

According w the quesuan,

P(n) is n?< 2" for n>5

Let P(k) = k? < 2 be true;

= P(k+1) = (k+1)?

=k®+2k+1

2k+1 - 2(2k) > 2k2

Since, n>>2n + 1 for n >3

We get that,

k2 + 2k + 1 < 2k?

= (k+1)2 < 2(k+1)

= P(k+1) is true when P(K) is true.

Therefore, by Mathematical Induction,
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P(n) = n? < 2" is true for all natural numbers n > 5.

12. 2n < (n + 2)! for all natural number n.
Solution:
According to the question,
P(n)is2n<(n +2)!
So, substituting different values for n, we get,
P(0)=>0<2!
P1)=>2<3!
P(2) = 4 < 4!
P(3) = 6 < 5!
Let P(k) = 2k < (k + 2)! is true;
Now, we get that,
= P(k+1) = 2(k+1) ((k+1)+2))!
We know that,

[(k+1)+2)! = (k+3)! = (k+3)(k+2)(k+1)eeeererrnnn. 3x2x1]
But, we also know that,
=2(k+1) x (k+3)(k+2)...ccvnennnnn. 3x1 > 2(k+1)

Therefore, 2(k+1) < ((k+1) + 2)!

= P(k+1) is true when P(K) is true.

Therefore, by Mathematical Induction,

P(n) =2n < (n + 2)! Is true for all natural number 1.

13.Vn < 1V1 + 1V2 + ... 1/\n, for all natural num. s .
Solution:
According ) the question,
P(n) is\,fﬁ<%+—1 +o... .. ..+%;n :2P(n)isyn< i_l-l-%—i-—i-

1
—:n =2

W Il

P(Z1ii\2 < =+— = 1.414< 1707 It's true

v1 W
1 1 1
P(3,7s 3« - - -4+—= 1732< 2.284It'strue
2 \-‘E
1 1,
LetPU{" . E+..........+ﬁJlst1ue

Adding vk + 1 — vk on Loth sides.

1 1 1
= Vk+vk+1-vVk<—+—+........+—=+Vk+ 1k
v v v \,q \,E \,l"l_{ v v
T 1 W1 -
_._\.m_\”_{=(mk+l mk)(mk—i—l—i—mk}: 1 - 1
(\-R+1+\-’T{) (\-k+1+\-"l_{) Vk+1
1 1

1 1
—
= Vk+1l< —+—+. ... .+ —+ —
\.q \.@ \.”_{ vk+1

= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
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Vn < 1/N1 + 142 + ... 1/\n, for all natural numbers n > 2

14.2+4+ 6 + ...+ 2n = n? + n for all natural numbers n.
Solution:
According to the question,
P(n)is2+4+6+...+2n=n+n.
So, substituting different values for n, we get,
P(0) =0 =02+ 0 Which is true.
P(1) =2 =12+ 1 Which is true.
P(2) =2+ 4 =22+ 2 Which is true.
P(3)=2+4+6=232+2 Whichis true.
LetP(K) =2 +4+ 6+ ...+ 2k =k? + k be true;
S0, we get,
= Pk+1)is2+4+6+..+2k+2(k+1)=k*+k + 2k +2
= (k% + 2k +1) + (k+1)
=(k+1)*+ (k+1)
= P(k+1) is true when P(K) is true.
Therefore, by Mathematical Induction,
244+ 6+ ...+2n=n?+nis true for all natural numbers n

15. 1+ 2+ 22+ ...2"=2"1_1 for all natural numbers r
Solution:
According to the question,
P(n)isl+2+22+ .. . 2"n=2m1_1,
So, substiti'ting different values for n, \ > get,
P(0)=1=.%1—1 Whichis* .c.
P(A)=1+2=3=2'1—1" hichist: e.
NM2)=1+2+922=" =221 1 Whict s true.
P(3)=o+2+2« 22=15=_ "1 - wnichis true.
Let"(k,=2:2-2 +..2K=2%"_1betrue;
So, Ve g:t
SF KD as 142 -0 24 2K 2kl =z okl g Dkl
= Ox Tl q

= P(k+s,  aew <) P(K) is true.
Therefore, by Mathematical Induction,
1+2+22+ .. 2"=2"1_1 s true for all natural numbers n.
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